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Let G be a ﬁnite group and p a prime number. We say that an
element g in G is a vanishing element of G if there exists an
irreducible character χ of G such that χ(g) = 0. The main result
of this paper shows that, if G does not have any vanishing element
of p-power order, then G has a normal Sylow p-subgroup. Also, we
prove that this result is a generalization of some classical theorems
in Character Theory of ﬁnite groups.
© 2008 Elsevier Inc. All rights reserved.
1. Introduction
It is well known that a great deal of information on the structure of a ﬁnite group G is encoded in
the set Irr(G) of irreducible complex characters of G , which are the trace functions of the irreducible
representations of G over C. Many results in literature show that even the relatively small set of
values cd(G) = {χ(1): χ ∈ Irr(G)} has a strong inﬂuence on the group structure of G .
The aim of this paper is to provide some evidence that also the zeros of the functions in Irr(G)
encode nontrivial information of G . Following [10], we shall say that an element x of a group G is a
vanishing element if there exists χ ∈ Irr(G) such that χ(x) = 0. If this is not the case, we shall call x a
nonvanishing element. The main result of this paper is the following.
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G has a normal Sylow p-subgroup.
We recall that one striking instance of the connection between cd(G) and the local structure of G
is the following classical result, known as Ito–Michler’s theorem (see [8, 19.10 and 19.11]): if a prime p
does not divide any element in cd(G), then G has an abelian normal Sylow p-subgroup. Now, since
a character whose degree is not divisible by p cannot vanish on any p-element, it follows that Theo-
rem A implies Ito–Michler’s theorem, whereas the converse does not hold (see Section 4). It is worth
remarking that, as well as the (known) proof of Ito–Michler’s theorem, our proof of Theorem A relies
on the classiﬁcation of ﬁnite simple groups.
Other remarkable consequences of Theorem A are presented in Section 4. In particular, immediate
applications of Theorem A yield an analogue of a well-known theorem proved by J. Thompson in [15]
(see Corollary B), and a generalization of Burnside’s pαqβ theorem (see Corollary C).
To conclude, we mention that various questions related to the zeros of the irreducible characters of
a ﬁnite group have been investigated by several authors (see for instance [2–4,10,11,13]). In particular,
nonvanishing elements were ﬁrst introduced and studied in [10]. Indeed, Theorem D in [10] shows
that if x is a nonvanishing element of odd order of a solvable group G , then x lies in the Fitting
subgroup of G . So, in the case of solvable groups and for an odd prime, Theorem A follows at once
from the results in [10].
2. Preliminaries
Since in this paper we are interested in vanishing elements, we introduce the following notation.
If G is a ﬁnite group, then we denote by Van(G) the set {g ∈ G: χ(g) = 0 for some χ ∈ Irr(G)}.
Let p be a prime number. Recall that a character χ in Irr(G) is said to be of p-defect zero if p does
not divide |G|/χ(1). By a fundamental result of R. Brauer (see [9, Theorem 8.17]), if χ ∈ Irr(G) is of
p-defect zero then, for every element g ∈ G such that p divides o(g), we have χ(g) = 0.
It is very often the case that a nonabelian simple group has irreducible characters of p-defect zero
for every prime p (see [7, Corollary 2]).
Proposition 2.1. Let S be a nonabelian simple group and p a prime number. If S is of Lie type, or if p  5, then
there exists θ ∈ Irr(S) of p-defect zero.
Proof. By results of G. Michler and W. Willems (see [12] and [16]), it is known that a simple group
of Lie type has irreducible characters of p-defect zero for every prime p. The main result in [7]
yields that an alternating group has irreducible characters of p-defect zero for every p  5 (see
[7, Corollary 1]). Finally, it can be checked in [5] that a sporadic simple group has irreducible charac-
ters of p-defect zero for every p  5. 
The following proposition, which appears as Lemma 5 in [1], will turn out to be useful in handling
the case when a nonabelian simple group fails to have irreducible characters of p-defect zero.
Proposition 2.2. Let M = S1 × · · · × Sk be a minimal normal subgroup of G, where Si  S, a nonabelian
simple group. If θ ∈ Irr(S) extends to Aut(S), then θ × · · · × θ ∈ Irr(M) extends to G.
In order to apply Proposition 2.2, we need to gather some information concerning characters of
sporadic simple groups and alternating groups. This will be done through Lemma 2.3 and Proposi-
tion 2.4, respectively. Although we use Lemma 2.3 only when the prime p is 2 or 3, we state and
prove it for a general p.
Lemma 2.3. Let S be a sporadic simple group and p a prime divisor of |S|. Then there exist a p-element x of S
and a character θ ∈ Irr(S), such that θ extends to Aut(S) and θ(x) = 0. If S  M22 or p = 2, then x can be
chosen to have order p.
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of S with o(x) = p and θ ∈ Irr(S), such that θ(x) = 0 and θ is invariant under Aut(S). On the other
hand, if S  M22 and p = 2, then there exist an element x of S with o(x) = 8 and θ ∈ Irr(S), such that
θ(x) = 0 and θ is invariant under Aut(S). In any case, since Out(S) is cyclic, the character θ extends
to Aut(S) by [9, Corollary 11.22]. 
We now move to alternating groups. The character table of the symmetric groups and of the
alternating groups is well known (see [14]). In particular, every irreducible character of Sym(n) cor-
responds naturally to a partition of n. We recall that if π is the partition of n corresponding to the
character χ ∈ Irr(Sym(n)), then χAlt(n) is irreducible if and only if the Young diagram correspond-
ing to the partition π is not symmetric (note that in [14] symmetric Young diagrams are called
“self-associated”). If χ is an irreducible character of Sym(n) and g is an element of Sym(n), then in
Proposition 2.4 we use the Murnaghan–Nakayama formula to compute χ(g) (see [14, 2.4.7]). Also, we
identify an element of Sym(n) with a partition of n, i.e. its cycle type (see [14, 1.2.4]). For instance, we
identify an n-cycle with the partition (n), an (n−1)-cycle with (n−1,1) and a 2-cycle with (2,1n−2).
Proposition 2.4. If n  7, then Alt(n) has two irreducible characters χ2 , χ3 such that χ2 vanishes on a 2-
element x and χ3 vanishes on an element y of order 3. Furthermore, both χ2 and χ3 extend to Aut(Alt(n)) =
Sym(n).
Proof. If n ≡ 0 mod 4, then use χ2 = (n − 3,2,1) and x = (2n/2).
If n ≡ 1 mod 4, then use χ2 = (n − 1,1) and x = (2(n−1)/2,1).
If n ≡ 2 mod 4, then use χ2 = (n − 3,2,1) and x = (2(n−2)/2,12).
If n ≡ 3 mod 4, then use χ2 = (n − 1,1) and x = (4,2(n−5)/2,1).
If n ≡ 0 mod 3, then use χ3 = (n − 4,2,12) and y = (3n/3).
If n ≡ 1 mod 3, then use χ3 = (n − 2,12) and y = (3(n−1)/3,1).
If n ≡ 2 mod 3, then use χ3 = (n − 2,12) and y = (3(n−2)/3,12).
Furthermore, the Young diagrams of the partitions corresponding to all of the characters men-
tioned above are not symmetric. 
Note that, in the proof of Proposition 2.4, the element x is chosen to be of order 2 provided
n ≡ 3 mod 4. For the sake of completeness, we point out that the same can be done also if n ≡ 3
mod 4, except when n is 7 or 15. Indeed, if n ≡ 3 mod 4 and n  19, then χ2 = (5,4,3,2,1n−14) is
an irreducible character of Alt(n), that extends to Sym(n), vanishing on the element x = (2(n−3)/2,13)
of order 2 of Alt(n). Similarly, if n = 11, then χ2 = (6,3,12) is an irreducible character of Alt(11), that
extends to Sym(11), vanishing on the element x = (22,17) of order 2 of Alt(11). Moreover, it can be
checked by direct calculation that both Alt(7) and Alt(15) do not have any irreducible character van-
ishing on an element of order 2. Finally we point out that Alt(6) has irreducible characters vanishing
on elements of order 2, but none of these characters extend to Aut(Alt(6)) (see [5]).
Remark 2.5. Let S be a nonabelian simple group and p a prime divisor of |S|. From Proposition 2.1,
Lemma 2.3, Proposition 2.4 and the previous paragraph, we have that if p  3 or if p = 2 and S is not
isomorphic to M22, Alt(7) or Alt(15), then either there exists a χ ∈ Irr(S) of p-defect zero or there
exist an irreducible character χ ∈ Irr(S) that extends to Aut(S) and an element x of order p of S such
that χ(x) = 0. (Note that Alt(5)  PSL(2,5) and Alt(6)  PSL(2,9) are considered in Proposition 2.1.)
We need to establish the existence, in ﬁnite groups of Lie type, of suitable elements that are not
ﬁxed by certain ﬁeld automorphisms.
Given integers q  2 and n  2, we say that a prime r is a primitive prime divisor of qn − 1 if r
divides qn −1 and r does not divide q j −1 for 1 j < n. We denote by ppd(qn −1) the set (depending
on q and n) of the primitive prime divisors of qn − 1. By a classical result by K. Zsigmondy, we have
that the set ppd(qn − 1) is empty if and only if either (n,q) = (6,2) or n = 2 and q is a Mersenne
prime.
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every nontrivial α ∈ Aut(S) of order coprime to |S|.
Proof. We can clearly assume that S is nonabelian and that there exists a nontrivial automorphism α
of |S| with (o(α), |S|) = 1, since otherwise the statement is clearly true. Since CS (α)  CS (αk) for
every positive integer k, by taking a suitable power we can also assume that α has prime order p. It
is known that, if there exists a prime divisor p of |Aut(S)| such that p does not divide |S|, then S is
a simple group of Lie type and every α ∈ Aut(S) of order p is conjugate to a ﬁeld automorphism of S .
So, S is isomorphic to dLn(q f ), where dLn(q f ) denotes the group of Lie type L of rank n (untwisted if
d = 1, twisted if d = 2, and 3D4(q f ) if d = 3), q being a suitable prime, and f a multiple of p.
Let Φi(x) be the ith cyclotomic polynomial. Observe that the order of any simple group of Lie type
dLn(t), where t is a prime power, can be decomposed as a product of factors of the form Φi(t) and
a t-power. In fact, if dLn(t) = 3D4(t), then |dLn(t)| is, up to a t-power, a product of factors tk ± 1, for
some positive integers k, and each of those is a product of suitable Φi(t)’s; the case 3D4(t) is checked
directly.
Let m = max{i: Φi(q f ) divides |dLn(q f )|}. Observe that m does not depend on the order q f of the
ground ﬁeld and that m 2. We claim that ppd(q fm −1) is nonempty. Since p does not divide |S|, by
the Odd Order Theorem, we get f = 2. Assume f = 3. The only simple groups of Lie type of order not
divisible by 3 are the Suzuki groups 2B2(22s+1). Checking the order of 2B2(22s+1), we have m = 4. In
particular, f m = 12 and ppd(q12 − 1) = ∅. Now assume f > 3. In this case clearly f m = 2,6, therefore
ppd(q fm − 1) = ∅.
Consider r ∈ ppd(q fm − 1). Note that r divides Φm(q f ) and so r divides |S|.
Let now α be an automorphism of order p of S . By the fact that α is conjugate to a ﬁeld auto-
morphism of S , and by [6, Theorem 9.1], we see that |CS (α)| = |dLn(q f /p)| and hence, by the choice
of r, it follows that r does not divide |CS (α)|. 
The investigation on zeros of irreducible characters often leads to questions concerning orbits in
coprime group actions. We recall some well-known facts and some standard notation in this context.
Let M be a group and, for x in M , denote by xM the conjugacy class of x in M . If a group H acts
by automorphisms on M , then there is a natural action of H on Irr(M) and on Cl(M) = {xM : x ∈ M}
given by (xM)h = (xh)M and φh(m) = φ(mh−1) for h ∈ H , x,m ∈ M and φ ∈ Irr(M). Also, we denote by
IH (φ) and StabH (xM), respectively, the stabilizer of φ (i.e. the inertia subgroup of φ) and the stabilizer
of xM in the relevant actions.
Proposition 2.7. Let H be a group that acts by automorphisms on a group M. Assume that H and M have
coprime orders. Then the actions of H on Irr(M) and on Cl(M) are permutation isomorphic. In particular, for
every x ∈ M there exists φ ∈ Irr(M) such that IH (φ) = StabH (xM).
Proof. See [8, Theorem 18.9]. 
It is not true in general that in a faithful coprime action of H on M there exists a regular orbit
of H on Irr(M), i.e. a θ ∈ Irr(M) such that IH (θ) = 1. Nevertheless, in some cases relevant to the
proof of Theorem A, we prove that such an orbit does exist. We recall that a group M is said to
be characteristically simple if M has no proper nontrivial Aut(M)-invariant subgroups. A group M is
characteristically simple exactly when M is the direct product of isomorphic simple groups.
Lemma 2.8. Let A be an abelian group that acts faithfully by automorphisms on a group M. Assume that |A|
and |M| are coprime. If M is characteristically simple, then there exists θ ∈ Irr(M) such that I A(θ) = 1.
Proof. Write M = S1 × S2 × · · · × Sn with Si  S for every i, S a simple group.
If S is nonabelian, then every normal subgroup of M is the product of the subgroups belonging to a
subset of Ω = {S1, S2, . . . , Sn}. In particular, the subgroups Si are the only minimal normal subgroups
of M and A acts on Ω .
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exists an A-invariant M2 M such that M = M1 ×M2. In fact, if M is abelian we can apply Maschke’s
theorem. If M is nonabelian, this follows by the previous paragraph. Working by induction on |M|,
for i = 1,2 there exists θi ∈ Irr(Mi) such that I A(θi) = CA(Mi). Let θ denote the irreducible character
θ1 × θ2 of M . Then
I A(θ) = I A(θ1) ∩ I A(θ2) = CA(M) = 1.
We can hence assume that 1 and M are the only A-invariant normal subgroups of M . By Proposi-
tion 2.7, it is enough to show that there exists x ∈ M such that StabA(xM) = 1.
Assume ﬁrst that M is abelian. For a,b ∈ A, we have CM(a)b = CM(ab) = CM(a), so CM(a) is an
A-invariant normal subgroup of M . If a = 1, then CM(a) < M and hence CM(a) = 1. Thus StabA(xM) =
CA(x) = 1 for every nontrivial x ∈ M .
Assume now that M is nonabelian. Then S = S1 is a nonabelian simple group and A acts transi-
tively on Ω . By Lemma 2.6 there exists a prime divisor r of |S| such that r does not divide |CS(α)|
for every nontrivial α ∈ Aut(S) with (o(α), |S|) = 1. Let x ∈ S be an element of order r. We show that
StabA(xM) = 1. As xM ⊆ S and x = 1, we see that StabA(xM) N , where N = NA(S). For every T ∈ Ω
there exists a ∈ A such that T = Sa , therefore we get CA(T ) = CA(S)a = CA(S), because A is abelian.
Thus CA(S) = CA(M) = 1, so that N acts faithfully on S . Let now b ∈ StabA(xM). By Glauberman Per-
mutation Lemma (see [9, Lemma 13.8]) there is a y ∈ xM ∩CM(b). But b ∈ N acts as an automorphism
of coprime order on S and o(y) = r divides |CS(b)|. Then, by the choice of r, we get b = 1 and hence
StabA(xM) = 1. 
The next result will provide some control on the set Van(G).
Lemma 2.9. Let M  N  G, with M and N normal in G and (|M|, |N/M|) = 1. If M is minimal normal in G,
CN (M) M and N/M is abelian, then N \ M ⊆ Van(G).
Proof. Since (|M|, |N/M|) = 1, by the Schur–Zassenhaus theorem there exists a complement A of
M in N . Then A  N/M is an abelian group that acts faithfully by automorphisms on M , because
CA(M) = CN (M) ∩ A  M ∩ A = 1.
Since M is minimal normal in G , we get that M is characteristically simple and hence, by
Lemma 2.8, there exists θ ∈ Irr(M) such that I A(θ) = 1. Now, set I = IG(θ). Take an irreducible charac-
ter ψ of I which lies over θ , and consider the character χ = ψG of G . Clifford Correspondence yields
that χ is irreducible. For every g ∈ G , since M  I and N,M  G , we have
I g ∩ N = (I ∩ N)g = (I ∩ AM)g = ((I ∩ A)M)g = Mg = M
because I ∩ A = I A(θ) = 1. Therefore, N ∩ (⋃g∈G I g) = M . Since χ vanishes on G \
⋃
g∈G I g , it follows
that χ(x) = 0 for every x ∈ N \ M . 
3. Proof of Theorem A
We are now ready to prove Theorem A, which we state again.
Theorem 3.1. Let G be a group and p a prime number. If all the p-elements of G are nonvanishing, then G has
a normal Sylow p-subgroup.
Proof. Let G be a minimal counterexample and P a Sylow p-subgroup of G . Observe that P = 1.
Consider a minimal normal subgroup M of G and assume that p divides |M|. If M is solvable
then M is a p-group, Van(G/M) contains no p-elements and so, by minimality, P = PM  G , a
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simple group with |S| divisible by p.
Suppose ﬁrst that S is a simple group of Lie type or that p  5. By Proposition 2.1, there exists
an irreducible character θ of S of p-defect zero. Let ψ = θ × · · · × θ ∈ Irr(M). Observe that ψ is a
character of p-defect zero of M . Consider χ ∈ Irr(G) lying over ψ . By Clifford’s theorem, χM is a sum
of G-conjugates ψi of ψ . As ψi(1) = ψ(1), every ψi is a character of p-defect zero of M . Hence, by [9,
Theorem 8.17], the character ψi vanishes on every element of M of order multiple of p. Let x be an
element of order p in M . Then χ(x) =∑i ψi(x) = 0, and hence x ∈ Van(G), a contradiction.
Assume now that p ∈ {2,3} and that S is either a sporadic simple group or S  Alt(n) for some
n  7 (observe that Alt(5)  PSL(2,5) and Alt(6)  PSL(2,9) have already been considered as groups
of Lie type). By Lemma 2.3 and Proposition 2.4, there exists a θ ∈ Irr(S) such that θ extends to Aut(S)
and θ(x) = 0 for some p-element x ∈ S . Let g = x× · · ·× x ∈ M . Now, by Proposition 2.2 there exists a
χ ∈ Irr(G) that extends θ ×· · ·×θ ∈ Irr(M). So χ(g) = (θ(x))k = 0 and hence the p-element g belongs
to Van(G), a contradiction.
We conclude that p does not divide the order of every minimal normal subgroup of G . In particu-
lar, Op(G) = 1.
Consider again a minimal normal subgroup M of G . We claim that Van(G/M) does not contain
any p-element. Assume that there exist a gM ∈ G/M and a χ ∈ Irr(G/M) such that gM has p-power
order in G/M and χ(gM) = 0. We may assume that g is a p-element. By inﬂation, χ is an irreducible
character of G whose kernel contains M . So, χ(g) = χ(gM) = 0. Hence g is an element of p-power
order in Van(G), a contradiction.
Our assumption of minimality on G yields now that PM/M is a normal Sylow p-subgroup of G/M .
Let N/M = Z(PM/M). Observe that N  G and that N = M . Further, CN (M)  M because Op(N) 
Op(G) = 1. Hence, by Lemma 2.9 we obtain N \ M ⊆ Van(G). Since Van(G) contains no p-elements, it
follows that N = M , the ﬁnal contradiction. 
Remark 3.2. We note that Theorem A cannot be strengthened by replacing “p-elements” with “ele-
ments of order p.” Consider, for example, a group G where a Sylow p-subgroup of G is not normal
and where every element of order p in G lies in Z(G). Also, another example is given by the alter-
nating group on 7 objects. In fact, Alt(7) does not have any vanishing element of order 2. See also
Theorem 4.3.
4. Consequences of Theorem A
In this section we point out some interesting consequences of Theorem A.
We let Vo(G) denote the set {o(g): g ∈ Van(G)} consisting of the orders of the elements in Van(G).
The following corollary, whose proof follows at once by Theorem A, shows some formal similarities
between Theorem A and Ito–Michler’s theorem.
Corollary A. Let G be a ﬁnite group, and p a prime number. If p does not divide any element in Vo(G), then G
has a normal Sylow p-subgroup.
The next remark is needed to get some deeper relations between Theorem A and Ito–Michler’s theo-
rem.
Remark 4.1. Let G be a group, p a prime number, and g a p-element of G . We claim that if χ is
a character of G such that χ(g) = 0, then the degree of χ is divisible by p. Observe that χ(g) is a
sum of χ(1) mth roots of unity, where m = o(g) is a power of p. Let ε be a primitive mth root of
unity and let χ(g) =∑χ(1)i=1 εki , where 0 ki <m. Now, ε is a root of the polynomial h(x) =
∑χ(1)
i=1 x
ki .
Whence h(x) is divisible by the mth cyclotomic polynomial Φm(x). In particular, p = Φm(1) divides
h(1) = χ(1), as desired.
A consequence of Remark 4.1, as mentioned in the Introduction, is that if p does not divide any
element in cd(G), then all p-elements of G are nonvanishing. In particular, the hypotheses of Ito–
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(the fact that the Sylow p-subgroup is abelian follows easily).
On the other hand, the following example shows that in general the hypotheses of Theorem A
do not imply those of Ito–Michler’s theorem. At the same time, it shows that the (normal) Sylow p-
subgroup of a group G such that all p-elements are nonvanishing may be nonabelian. In this respect,
Theorem A can be regarded as an improvement of Ito–Michler’s theorem.
Example 4.2. Let G be the normalizer of a Sylow 2-subgroup in the Suzuki group Suz(8). Then G is
a Frobenius group with complement of order 7 and nonabelian Frobenius kernel. It turns out that
Vo(G) = {7}. On the other hand, cd(G) = {1,7,14}.
More generally, we note that [2, Example 1] shows that there exists no bound on the derived
length of the Sylow p-subgroup of a group G such that p does not divide any element in Vo(G).
While Ito–Michler’s theorem is an “if and only if” theorem, at the time of this writing we do
not know of any condition on a (normal) Sylow p-subgroup P of G guaranteeing the converse of
Theorem A. However, we note that such a condition should involve the action of G on P as well as
the group structure of P .
In a sort of complementary setting to Ito–Michler’s theorem, a theorem by Thompson states that,
given a prime number p, if every number greater than 1 in cd(G) is a multiple of p, then the group G
has a normal p-complement (see [15]). From Theorem A, we derive the following analogue of Thomp-
son’s theorem (observe that 1 is not an element of Vo(G)).
Corollary B. Let G be a ﬁnite group and p a prime number. If every number in Vo(G) is a multiple of p, then G
has a nilpotent normal p-complement.
Proof. Let π be the set of prime divisors of |G| different from p. Our assumption implies that, for
every q in π , there does not exist any q-element of G lying in Van(G). Theorem A yields that G has a
normal Sylow q-subgroup Q . Therefore, H =∏q∈π Q is a nilpotent normal p-complement of G . 
The following corollary of Theorem A can be regarded as an extension of Burnside’s pαqβ theorem
(see [9, 3.10]).
Corollary C. Let p and q be prime numbers. If every element in Van(G) is a {p,q}-element, then G is solvable.
Proof. Let σ be the set of prime divisors of |G| different from p and q. Arguing as in the proof of
Corollary B, we have that G has a nilpotent normal Hall σ -subgroup T . Now, G/T is a {p,q}-group,
whence G/T is solvable by Burnside’s pαqβ theorem. Thus, G is solvable. 
We conclude by stating a result (Theorem 4.3) which can be easily obtained adapting the proof of
Theorem A and taking into account Remark 2.5. The details are left to the reader. We note that, for
groups satisfying the assumptions of Theorem 4.3 (in particular, for solvable groups), this is actually
a strengthening of Theorem A. In fact, Theorem A follows by an easy argument which uses induction
on the order of the group.
Theorem 4.3. Let G be a group and p a prime divisor of |G|. Assume that either p > 2 or that p = 2 and G
has no composition factor isomorphic to M22 , Alt(7) or Alt(15). If p /∈ Vo(G), then Op(G) = 1.
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